Almost all of the depolarization papers in the lidar literature employ a physically inappropriate notation and they use a definition of the depolarization ratio that is not linear in the quantity of interest. This depolarization lidar legacy is misleading and confusing. In particular, subscripts meaning parallel and perpendicular do not apply to atmospheric parameters, such as the volume backscatter coefficient, because (for linear polarization) the two components of the backscattered light are polarized in the transmitted sense and completely unpolarized; the unpolarized component is not "perpendicular." An analysis of lidar depolarization measurements with a particle scattering matrix recently provided in the literature yields algorithms for retrieving the depolarization parameter from either linear or circular depolarization lidar measurements. The analysis, notation, and definitions recommended here harmonize lidar depolarization analysis with radiative transfer theory, particle scattering theory, and standard polarization measurement techniques.
Introduction
Lidar systems typically transmit polarized light and analysis of the polarization state of the received light has been shown to be a powerful remote sensing tool. Sassen [1, 2] reviewed the history and capabilities of the lidar polarization technique. In the case of clouds, lidar depolarization has been shown to provide unambiguous ice/water phase discrimination as well as identification of some crystal types and orientations. The technique contributes generally to our knowledge and structure of a variety of cloud types. Lidar depolarization has also been used to identify desert dust in the free troposphere [3] and to study its role in ice nucleation. Lidar depolarization has made a major contribution to the identification and classification of polar stratospheric clouds [4] and space-based lidars such as CALIPSO include a cross-polarization receiver channel because of the valuable information that it provides [5] .
The most common type of polarization-sensitive lidar transmits a linearly polarized laser beam and employs two receiver channels with linear polarization analyzers oriented parallel and perpendicular to the plane of polarization of the transmitted light. In 1971, Schotland et al. [6] described such a lidar with two equations for the received power P r ðZÞ, 
where Z is the range, P T is the transmitted power, A r is the receiver area, h is the laser pulse length, β is the volume backscatter coefficient, and τ is the optical depth to the range Z. The power terms are described as "the power returned to the lidar receiver which is both parallel, P rjj , and orthogonal, P r⊥ , to the plane of polarization of the power transmitted, P Tjj ," and the backscatter terms β jj and β ⊥ are described as contributing to the parallel and perpendicular measurements, respectively. The authors referred to a text on radar [7] , but no corresponding equations appear in that book. They also defined a depolarization ratio δ as
The definition in Eq. (2) has the virtue of simplicity, and it has become standard in both radar and lidar. By substituting Eqs. (1a) and (1b) into Eq. 
Equations (1)- (4), along with their interpretations as reviewed above, have been used extensively in the lidar literature for three and one-half decades [1, 2, [8] [9] [10] [11] [12] . For this reason, they are referred to here as the legacy approach.
There are two major problems with the legacy approach: first, the measured powers in the parallel and perpendicular receiver channels are attributed to two atmospheric parameters β jj and β ⊥ . This notion is clearly absurd, because randomly oriented scatterers cannot scatter light back to the receiver with two orthogonal polarizations. Considering that the scattering particles are randomly oriented, it is clear that the scattered light can have only two components: one with the original linear polarization and one that is completely unpolarized. The subscripts jj and ⊥ can only properly refer to the intensity of the backscattered light after it has passed through the corresponding polarization analyzers in the lidar receiver. Note that the term depolarization in lidar has come to mean a 90°rotation of the linear polarization vector because of the notation used in the legacy approach. In this paper, the term depolarization refers to atmospheric scattering phenomena (other than the reversal of propagation direction) that change the polarization state of the light received by a lidar system relative to the state of the transmitted light.
The second problem concerns the definition of the depolarization ratio in Eq. (2) . The problem with the legacy definition of depolarization ratio δ as P r⊥ =P rjj is that it is not directly related to any quantity of interest, so lidar depolarization papers tend to include complicated ratios involving δ that obscure the underlying physics (examples are given in the next section). As van de Hulst [13] remarked, "… before 1930 it was customary to denote the ratio I l =I r of a partially plane-polarized beam as its depolarization, a term that had no direct relation to scattering theories." (The subscripts l and r refer to axes parallel and perpendicular to the scattering plane, respectively.)
The notation and definitions of the legacy approach are shown here to be misleading and confusing because they make no sense physically. An alternative description is then developed that conforms to standard radiative transfer theory, particle scattering theory, and polarization measurement principles.
Analysis
The lidar remote sensing technique employs a laser transmitter that sends a short pulse of light in a given direction and a receiver that records a signal corresponding to the backscattered power, as a function of time, or equivalently, range. The physical processes of light propagation to the scattering volume, scattering, and propagation back to the receiver are all described by the theory of radiative transfer developed by Chandrasekhar [14] . Radiative transfer theory is fully general: it applies to any scattering angle and it accommodates multiple scattering as well as inelastic scattering. The polarization state of the light is described in the standard way with Stokes vectors and scattering processes are described with 4 × 4 matrices. The theory of radiative transfer is, however, complicated, involving an integro-differential equation, and Chandrasekhar provides explicit solutions only for a restricted set of scenarios and phase functions.
Early lidar investigators developed a simple scalar equation [Eq. (1a) without the subscripts] that is basically a special case of radiative transfer. The lidar equation describes the total received power in all polarization states for elastic single scattering in the backward direction. Two of the terms in the equation, a volume scattering cross section (m 2 =m 3 ) and the phase function (sr −1 ), were merged into one, which was renamed the volume backscatter coefficient βðm −1 sr −1 Þ. Equations (1a) and (1b) are essentially an attempt to graft polarization information onto the simplified lidar equation without using the standard tools of polarization analysis, i.e., Stokes vectors and Mueller matrices [15, 16] .
The analysis presented here pertains to monostatic lidar measurements with single scattering by randomly oriented scatterers. This scenario corresponds to the vast majority of lidar depolarization measurements. The Stokes vector, which completely describes the polarization state of a beam of light, is conventionally written as S ¼ ½I; Q; U; V, where the four elements describe the total intensity, the intensity on the x and y axes, the intensity on the þ45°and −45°axes, and the intensity that is right-hand circular (RHC) or left-hand circular (LHC). Stokes vectors are often normalized such that the first element I is equal to unity. For example, the vector S ¼ ½1; 1; 0; 0 describes a beam of light linearly polarized along the x axis. Note in particular that the vector S ¼ ½1; 0; 0; 0 describes light that is completely unpolarized. In the analysis that follows, the Stokes vectors and Mueller matrices are written out explicitly because the literature is rife with errors in their application.
The normalized Mueller matrix that describes scattering in the backward direction by a spherical particle (or incoherent scattering from an ensemble of spherical particles) is 
Note that each element of a diagonal Mueller matrix only modifies the corresponding polarization state in the Stokes vector and that the matrix defined in Eq. (5) describes a polarization-preserving process. This latter fact may not be immediately apparent, because the ½3; 3 and ½4; 4 elements are −1, which is to say, they reverse þ= − 45°polarization and exchange RHC and LHC polarization states. The reasons for these apparent reversals are that backward scattering reverses the direction of propagation and polarization states are defined for light coming toward the observer [15] (not "while facing in the direction of propagation," as is sometimes stated [17] ). Lidar researchers require the general form of the Mueller matrix that describes a partially depolarizing backward scattering process. Unfortunately, this matrix was not available in the literature until 1995 and so early attempts to properly analyze lidar polarization remained incomplete [18] . The matrix was provided by Mishchenko and Hovenier [19] , for the randomly oriented scatterers discussed here, as
This result was employed by Biele et al. in 2000 [12] and the scattering matrix was cited in this form by Del Guasta et al. [20] in 2006. Those latter authors went on to use Mueller matrices to analyze a novel, fully polarimetric lidar that was developed to study oriented ice plates in cirrus clouds by operating 30°o ff of the zenith. Note that F 11 is related to the atmospheric backscatter coefficient β and that modeled values of the other matrix elements are usually reported as normalized to F 11 , e.g., the ½2; 2 element is reported as F 22 =F 11 . Flynn et al. [17] recently presented an analysis of lidar polarization using the matrix in Eq. (6) for a novel lidar that alternately transmits linearly and circularly polarized light. Those authors recast Eq. (6) in normalized form as
where d has a range of 0-1 and was said to be "related to the propensity of the scattering medium to preserve the incident polarization." Actually, d is a measure of the propensity of the scattering medium to depolarize the incident polarization, as may be seen by setting d equal to zero, in which case Eq. (7) reduces to Eq. (5).
In the limit where d equals 1, the ½2; 2 element of the matrix in Eq. (7) becomes zero, which means that a linearly polarized incident beam becomes completely depolarized by the scattering process (S ¼ ½1; 0; 0; 0). Considering that Eq. (7) defines a matrix with only one parameter, d, our task in analyzing lidar depolarization data is evidently to retrieve that parameter. All of the elements of the scattering matrix will then be determined. Here, we develop algorithms for finding d from the lidar signals for linear and circular polarization separately.
A. Linear Polarization
A linear polarization lidar is illustrated schematically in Fig. 1 . The analysis starts with the initial polarization state, modifies it with the scattering process, and determines the received intensities after the two orthogonal polarizers in the receiver. The Stokes vector describing the transmitted laser beam is S ¼ ½1; 1; 0; 0. For clarity, all vectors and matrices are normalized. The relative intensities that emerge from the parallel and perpendicular analyzers are calculated below. 
As pointed out by Chandrasekhar [14] , intensities add incoherently and so the Stokes vectors can be decomposed as I total ¼ I pol þ I unpol . The result described in Eq. (8a) can be decomposed as follows:
Equation (8b) shows that all of the polarized fraction I pol plus one-half of the unpolarized fraction I unpol of the received light passes through the parallel analyzer. 
Perpendicular
Equation (9) shows that one-half of the unpolarized fraction I unpol of the received light passes through the perpendicular analyzer. The signals S from the detectors are therefore
where the receiver channels are assumed to be calibrated. Note that ð1=2ÞI unpol appears in both receiver channels because a polarization analyzer at any orientation passes one-half of the unpolarized incident intensity. This is the experimental definition of unpolarized light [14] . The fact that ð1=2ÞI unpol appears in both receiver channels is the key to understanding linear depolarization lidar signals and it shows that ascribing the signal S ⊥ to an atmospheric parameter β ⊥ is unphysical. From Eqs. (10a) and (10b), we find the depolarization parameter d from the receiver signals S as
Note also that the ½2; 2 element of the matrix defined in Eq. (7) can be found from the lidar signals as
In the notation advocated here, the signals S properly retain the subscripts jj and ⊥ because they result from the action of the receiver's polarization analyzers on the received light and they depend on the relative orientations of the receiver analyzers to the transmitted beam polarization. The intensity components I have subscripts referring to their polarization states (pol, unpol, and total). The depolarization parameter d has a range from 0-1. Note that the legacy definition given in Eq. (2) also has a range of 0-1, but it is not linear in the quantity of interest. Using Eqs. (2) and (11), d may be calculated from the legacy parameter δ as
The nonlinearity in δ is illustrated by a comparison of the two definitions in Fig. 2 . Note that d is twice as large as the legacy parameter δ in the limit of small depolarization. Using Eqs. (2) and (12), the polarized fraction of the received light may be calculated from the legacy parameter δ as
The quotient on the right-hand side of Eq. (14) appears frequently in the lidar literature. For example, researchers working with CALIPSO depolarization data recently announced that they had found a simple relationship between depolarization and multiple scattering [21] that they wrote as
[their Eq. (2)], where A S is a layer-integrated backscatter factor and δ is a layer-integrated version of the legacy depolarization ratio defined in Eq. (2). With the insights developed here, we can write Eq. (15) as
which is a much simpler expression that makes a physical statement: the backscatter factor is equal to the square of the polarized fraction of the received light.
As another example of awkward notation caused by the legacy definitions, in a recent paper on polarization in lidar the quotient on the right-hand side of Eq. (14) actually appeared as the ½2; 2 element of the scattering matrix describing lidar backscatter [12] . That paper also defines intensities i jj;⊥ in two different ways: as "components of the scattered light with linear polarization parallel or perpendicular to the … plane of polarization of the emitted light," and as "the intensities in the two polarization channels," i.e., after the lidar's polarization analyzers. The authors apparently understood lidar depolarization in detail, but both their notation and their language became awkward as they attempted to harmonize their treatment, using Stokes vectors and Mueller matrices, with the lidar legacy approach. Examples of such awkward notation and language are abundant in the literature on depolarization in lidar. The purpose of this paper is to suggest a better approach, which is to harmonize the treatment of lidar depolarization with conventional theory and practice. The papers by Del Guasta et al. [20] and Flynn et al. [17] are examples of this approach.
B. Circular Depolarization
Circular lidar depolarization is quite different from linear depolarization, and it does not lend itself to a simple physical description, such as that following Eq. (9) for the linear case. As shown by the factor of 2 in the ½4; 4 element in Eq. (7), circular depolarization measurements are twice as sensitive to the parameter d, compared to linear depolarization. A schematic diagram for a circular depolarization lidar is shown in Fig. 3 . A configuration often used in common-optics systems uses the same quarter-wave plate at 45°in both transmit and receive paths to separate the transmitted and received light [22] .
The lidar illustrated in Fig. 3 passes linear laser polarization at þ45°through a quarter-wave plate with the fast axis vertical, converting the transmitted laser beam to RHC, so that the normalized Stokes vector describing it is S ¼ ½1; 0; 0; 1. The received light passes through another quarter-wave plate at the same orientation followed by linear analyzers at þ45°and −45°. In circular depolarization, the term copolar refers to the light in the state expected when d is equal to zero (LHC in the case illustrated), Fig. 2 . Legacy depolarization ratio δ as defined in Eq. (2) has a range of 0-1 but it is not linear in the quantity of interest, which is the parameter d in the matrix defined in Eq. (7). Fig. 3 . Schematic illustration of a circular lidar depolarization measurement. The transmitted polarization is linear at þ45°a nd it passes through a quarter-wave plate with the fast axis vertical to form RHC. The received power passes through quarterwave plates with the fast axes vertical and the linear analyzers at þ45°and −45°. The powers emerging from the analyzers are converted to signals by detectors. The signal from the þ45°ana-lyzer is called copolar and the signal from the −45°analyzer is called cross-polar. For single scattering by spheres, all of the received power is in the copolar receiver channel.
whereas cross-polar refers to the opposite handedness. The normalized intensities of the light that emerges from the analyzers are calculated below.
þ45°(Copolar)
ð17Þ Equation (17) shows that all of the copolar light passes through the þ45°analyzer. 
Equation (18) shows that all of the cross-polar light passes through the −45°analyzer. An analysis similar to that shown for Eq. (11) shows that the parameter d is related to the signals from the two receiver channels by the equation
where the subscripts jj and ⊥ refer to the copolar and cross-polar receiver channels, respectively. Note that F 44 in the scattering matrix becomes zero when d reaches 1=2 and, at that value, the signals in the copolar and cross-polar receiver channels are equal. If d becomes greater than 1=2, F 44 becomes positive and the signal in the cross-polar channel becomes greater than the signal in the copolar channel. In the mathematical limit where d is equal to unity, all of the received signal would be in the cross-polar channel. This behavior is quite different from linear depolarization, where complete depolarization corresponds to equal signals in the two receiver channels.
The relationship between linear and circular backscattered polarization implied by the matrix in Eq. (6) can be expressed as
A close examination of modeling results for scattering by oblate spheroids [23] and by ice crystals [24] 
Correspondence with the Legacy Parameters
The analysis presented above shows that the goal of the lidar researcher should be to retrieve the parameter d, which is directly related to scattering theory, rather than the legacy parameter δ. Nevertheless, δ is so widely used in both radar and lidar that it will no doubt continue to serve as the simplest measure of a scattering medium's tendency to depolarize light. The correspondence between the two depolarization parameters was given in Eq. (13) . The other issue is the correspondence between the parameter d and the legacy parameters β jj and β ⊥ . The correspondence can be elucidated by considering the lidar equation for total power
where we have used the more modern notation and C is a calibration factor, c is the speed of light, τ is the sampling interval, and α is the extinction coefficient. The powers in two polarization-sensitive receiver channels can be introduced with functions of the parameter d as
For example, in the case of linear depolarization, using Eqs. (10)- (12) we find that
Equations (24) and (25) formally establish the correspondences β jj ¼ ð1 − d=2Þβ and β ⊥ ¼ ðd=2Þβ, for linear depolarization. These simple relations might suggest continuing the use of the legacy parameters. However, there are several reasons for explicitly stating the dependence on a function of d as in Eqs. (22) and (23): (a) merging the functions of d into the β parameters mixes instrument-specific and atmospheric parameters; (b) continued use of the parameters β jj and β ⊥ would risk their continued misinterpretation, implied by both their notation and comments in the literature, that one scattering phenomenon contributes to the parallel channel signal and another only to the perpendicular channel signal; (c) a different set of lidar equations would be required for each type of polarization-sensitive lidar; and (d) the goal of the measurements is to retrieve d, so it should appear in the equations.
Measurement Considerations
In the previous section, algorithms were developed for finding the parameters d and 1 − d from the lidar signals S jj and S ⊥ , for both linear and circular depolarization. The signals, in digitizer counts or photoelectron counts, are the only data that are actually available to the lidar researcher. However, the measured parameters may differ from the scattering matrix elements due to various kinds of measurement errors and sampling problems and the foregoing treatment made no distinction between aerosol and molecular depolarization. Many lidar researchers have addressed the technical issues related to calibration of the two receiver channels. Alvarez et al. [25] described a technique for calibrating polarization-sensitive lidar measurements in which no knowledge of the molecular depolarization in the calibration region is required. Their technique simultaneously determines the system depolarization calibration constants and retrieves an estimate of the depolarization ratio within the calibration region. Adachi et al. [26] described a calibration procedure that they developed for studies of polar stratospheric clouds.
Historically, many measurements have been reported as "atmospheric depolarization," where the phenomenon was partly due to the (very small) molecular contribution and partly due to aerosols or ice particles with much higher depolarization. This is a bad practice because it mixes intrinsic and extrinsic properties of the atmosphere. The molecular contribution is constant for a given lidar and of little interest, so the aerosol depolarization should always be separated out, either by the instrument or by later analysis of the data.
Conclusions
As general practices, the subscripts jj and ⊥ should be used only with detector signals S and never with backscatter coefficients β, because these subscripts refer to the action of the polarization analyzers on the received light, based on their orientations relative to the polarization expected from polarizationpreserving scattering events. When the coefficient β arises from a distribution of randomly oriented particles, it has no preferred axis. For linear polarization, the received light can be considered to have two components, I pol and I unpol .
The legacy lidar depolarization ratio δ should be replaced with the parameter d, defined in terms of lidar signals by Eqs. (11) and (19) . In the linear polarization case, d is the fraction of the received light that has become unpolarized by the scattering process.
The single-scattering matrix that describes lidar backscatter signals from an ensemble of randomly oriented particles has been provided for lidar researchers [17, 19] , so there is no reason not to analyze lidar depolarization in the same manner as any other polarization measurement, i.e., with Stokes vectors and Mueller matrices. The scattering matrix has only one free parameter, so d is the only parameter that can be retrieved from lidar depolarization measurements. The description of lidar polarization proposed here is physically intuitive and its adoption will harmonize lidar polarization analysis with standard radiative transfer theory, particle scattering theory, and polarization measurement principles.
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